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1 Continuity equation’s in climate models

2 Desirable properties for transport schemes intended for climate/climate-chemistry applications
Mass-conservation, shape-preservation, multi-tracer efficiency, ...
Preservation of pre-existing functional relations (correlations) between species

3 A semi-Lagrangian view on finite-volume schemes
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Continuity equations in climate models: dry air

Continuity equation for dry air mass

∂ρd

∂t
+∇ · (ρd~v) = 0,

where ~v is the velocity field and ρd density.

Mass of dry air ≈ N2 (ca. 78.08%), O2 (ca. 20.95%), Ar (ca. 0.93%), CO2 (at present ca.
0.038%); these well-mixed gases make up 99.998% of the volume of dry air

Trenberth and Smith (2005) estimated that the mass of dry air corresponds to a surface
pressure of 983.05 hPa and it varies less than 0.01 hPa based on changes in atmospheric
composition.

⇒ to a very good approximation there are no source/sink terms on the right-hand side of
continuity equation for dry air.

Example mass fields in CAM

Example from CAM5 at ‘standard’ 1.9◦ × 2.5◦ resolution

∆p in surface layer:

Relatively smooth field that does generally not cause problems for
advection operators, however:

if layers are very thin (.e.g. isentropic vertical coordinate models) the
advection operator should not generate negative thicknesses and should be
able to deal with mass-less layers.
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Continuity equations in climate models: water

Continuity equations for water species

∂ (ρdmi )

∂t
+∇ · (ρdmi~v) = Pρd mi ,

where mi are dry mixing ratiosa and P represent source and sink terms.

mi : water vapor, cloud liquid and cloud ice.

99% of the total weight of the atmosphere is the mass of dry air. The remanding 1% is
approximately the mass of water (large local variations though!)

mi : Meso-scale models also have prognostic rain, snow, graupel, ...

If rain, snow, graupel, etc. are diagnostic it is assumed that they fall to the ground in one physics
time-step!

athe subtleties between using ‘dry’ and ‘wet’ mixing ratios is not discussed here - see, e.g., Lauritzen et al.
(2011b)

Peter Hjort Lauritzen (NCAR) Discretization strategies August 13, 2018 3 / 23



Continuity equations in climate models: water

Example mass fields in CAM

Example from CAM5 at ‘standard’ 1.9◦ × 2.5◦ resolution

Specific humidity, cloud liquid water and ice:
10e−4 kg/kg

10e−4 kg/kg
10e−4 kg/kg

10e−4 kg/kg

Very ‘oscillatory’ fields:

Production and loss terms are large, however, clouds (e.g., ‘ice clouds’ such
as Cirrus clouds) can have lifetimes on the other of days.

Advection operator must not produce negative values!

Overshooting in water vapor can trigger irreversible physical processes.

Peter Hjort Lauritzen (NCAR) Transport in global climate models March 23, 2010 3 / 15

Very ‘oscillatory’ fields:

Production/loss terms are large, however, clouds (e.g., ‘ice clouds’ such as Cirrus) can have
lifetimes on the order of days

Transport operator must not produce negative values.

Overshooting in water vapor, for example, can trigger irreversible physical processes.

In other words: the transport scheme should be shape-preserving with respect to q.
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Continuity equations in climate models: aerosols

Microphysics: continuity equations for aerosol number and mass concentrations
CAM5 physics: 22 aerosol continuity equations (particulate organic matter, dust, sea salt, secondary
organic aerosols, ...)

Example mass fields in CAM

Example from CAM5 at ‘standard’ 1.9◦ × 2.5◦ resolution

variation of number concentration with height

Near the surface ‘drastic’ variations in horizontal and vertical!

Large sources and sinks, however, without scavenging (e.g. with precipitation)

aerosols can have long lifetimes (e.g. Saharan dust can be transported 1000s of

miles) ⇒ advective tendencies can locally be the largest signal !

Check you scheme for such fields (especially if limiters use ‘magic numbers’ !)
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Continuity equations in climate models: chemistry

Chemistry: continuity equations for chemical species
CAM-chem: approximately 127 continuity equations (ozone, chlorine compounds, bromine, ...) ...
some highly reactive and some long-lived

Example mass fields in CAM

Example from chemistry version of CAM

HNO3: Produced in the stratosphere and wet removed in the troposphere, i.e.

strong vertical gradients
Variation with height

Br : Strong diurnal cycle (produced by photolysis)

Peter Hjort Lauritzen (NCAR) Transport in global climate models March 23, 2010 3 / 15Figure: Bromine has a strong diurnal cycle (produced by photolysis)
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Continuity equations in climate models: desirable properties

Important properties of transport schemes intended for atmospheric models:

The number of prognostic continuity equations in climate and chemistry-climate models is
increasing fast to accommodate more advanced physical parameterizations (e.g.,
microphysics), online chemistry, ....

⇒ multi-tracer efficiency is becoming increasingly important
(closely tied to compute platform)!

Atmospheric tracer fields can have very large gradients:

Shape-preservation is paramount!

Preservation of gradients is important

Inherent conservation of mass is desirable, in particular, to consistently enforce
shape-preservation and tracer-air mass consistency.

Optimal preservation of pre-existing functional relationships (correlations)
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Assume a square Cartesian mesh in two dimensions
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The reformulation of global climate/weather/chemistry models for
massively parallel computer architectures + mesh-refinement applications

Traditionally the equations of motion have been discretized on the traditional regular latitude-
longitude grid using either

1 spherical harmonics based methods (dominated for over 40 years)

2 finite-difference/finite-volume methods (e.g., CAM-FV)

Both methods require non-local communication:

1 Legendre transform

2 ‘polara filters’ (due to convergence of the meridians near the poles)

respectively, and are therefore not ”trivially” amenable for massively parallel compute systems.

aconfusing terminology: filters are also applied away from polar regions: θ ∈ [±36◦,±90]

Rectangular computational space 

Next generation global models  
The dynamical core is the performance “bottleneck”  

in many coupled climate system models 

Regular latitude-longitude grids need non-local (global) filters in the 
polar regions (e.g., NCAR CAM) or use non-local spectral transform 
methods (e.g., ECMWF IFS). 
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The reformulation of global climate/weather/chemistry models for
massively parallel computer architectures + mesh-refinement applicationsQuasi-uniform global spherical grids considered for next generation models

reg. lat-lon cubed-sphere Voronoi Yin-Yang

quasi-uniform grids (no polar filters needed) + local numerical method
) no global communication
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Figure 5: Performance of the CESM atmosphere component model on Intrepid (IBM BG/P)
when using the CAM-SE, FV or EUL dynamical core, showing the simulated-years-per-day
as a function of the number of processing cores. Atmosphere component times taken from a
CESM time-slice simulation, coupling the atmosphere (at 0.25� or T341 resolution), the land
model (0.25� resolution), and the sea ice and data ocean model (0.1�). The solid black line
shows perfect parallel scalability. When using CAM-SE, the CESM achieves near perfect
scalability down to one element per processor, running at 12.2 SYPD on 86,400 cores.

Performance in through-put for di↵erent dynamical
cores in NCAR’s global atmospheric climate model:
horizontal resolution: approximately 25km⇥25km grid boxes

EUL = spectral transform (lat-lon grid)

FV = finite-volume (reg. lat-lon grid)

SE = spectral element (cubed-sphere grid)
Computer = Intrepid (IBM Blue Gene/P Solution) at Argonne National Laboratory
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Quasi-uniform grid + local numerical method ⇒ no non-local communication necessary
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Figure 5: Performance of the CESM atmosphere component model on Intrepid (IBM BG/P)
when using the CAM-SE, FV or EUL dynamical core, showing the simulated-years-per-day
as a function of the number of processing cores. Atmosphere component times taken from a
CESM time-slice simulation, coupling the atmosphere (at 0.25◦ or T341 resolution), the land
model (0.25◦ resolution), and the sea ice and data ocean model (0.1◦). The solid black line
shows perfect parallel scalability. When using CAM-SE, the CESM achieves near perfect
scalability down to one element per processor, running at 12.2 SYPD on 86,400 cores.

Performance in through-put for different dynamical cores
in NCAR’s global atmospheric climate model:
horizontal resolution: approximately 25km×25km grid boxes

EUL = spectral transform (lat-lon grid)

FV = finite-volume (reg. lat-lon grid)

SE = spectral element (cubed-sphere grid)
Computer = Intrepid (IBM Blue Gene/P Solution) at Argonne National Laboratory

Note that for small compute systems CAM-EUL has SUPERIOR throughput!!
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The reformulation of global climate/weather/chemistry models for
massively parallel computer architectures + mesh-refinement applications

Examples of mesh-refinement. (left) NCAR’s Community Atmosphere Model (CAM) based on
spectral-elements (SE; Dennis et al., 2012; Lauritzen et al., 2018); (right) NCAR’s Model for
Prediction Across Scales (MPAS; Skamarock et al., 2012)
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I am going to give a (non-conventional) semi-Lagrangian view on finite-volume discretization
schemes!
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Derivation form

‘Most fundamental equations in fluid dynamics can derived from first principles in either a Eulerian
form or an Lagrangian form’ - (see, e.g., text book of Durran, 2010)

Basic Dynamics-II
John Thuburn

Eulerian and Lagrangian timescales

Euler

Lagrange

Page 14

Figure courtesy of J. Thuburn.
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Derivation form

Consider the continuity equation for some inert (no sources/sinks) and passive (does not feed
back on the flow) tracer

semi-Lagrangian form Eulerian (flux) form

For simplicity assume a quadrilateral mesh (two dimensions) and leave out the ‘details’ of spherical
geometry.

At first, I’ll only consider two-time-level (‘area-integrated’) finite-volume schemes
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Finite-volume approach: Integrate over control volume

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

D

Dt

∫
A(t)

ψ dA = 0.

where A(t) is a Lagrangian† control
volume,

D

Dt
=

∂

∂t
+ ~v · ∇,

is the material/total derivative and
ψ = ρdm.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

Integrate

∂ψ

∂t
+∇ · (ψ ~v) = 0

over an Eulerian control volume Ak :

∂

∂t

∫
Ak

ψ dA +

∫
Ak

∇ · (ψ ~v) dA = 0.

†
volume whose bounding surface moves with the local fluid velocity⇔ volume which always contains the same material particles

Peter Hjort Lauritzen (NCAR) Discretization strategies August 13, 2018 8 / 23



Finite-volume approach: Integrate over control volume

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

D

Dt

∫
A(t)

ψ dA = 0.

where A(t) is a Lagrangian† control
volume,

D

Dt
=

∂

∂t
+ ~v · ∇,

is the material/total derivative and
ψ = ρdm.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

Apply divergence theorem on second term:

∂

∂t

∫
Ak

ψ dA +

∮
∂Ak

(ψ ~v) · ~n dS = 0,

where ∂Ak is the boundary of Ak and ~n
the outward normal vector to ∂Ak .
→ instantaneous flux of tracer mass
through boundaries of Ak

†
volume whose bounding surface moves with the local fluid velocity⇔ volume which always contains the same material particles
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Finite-volume approach: Integrate in time

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

∫
A(t+∆t)

ψ dA =

∫
A(t)

ψ dA,

where ∆t is time-step and t = n ∆t.

Upstream semi-Lagrangian approach:

ψ
n+1
k ∆Ak = ψ

n
k∆ak ,

where () is average value over cell.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

Apply divergence theorem on second term:

∂

∂t

∫
Ak

ψ dA +

∮
∂Ak

(ψ ~v) · ~n dS = 0,

where ∂Ak is the boundary of Ak and ~n
the outward normal vector to ∂Ak .
→ instantaneous flux of tracer mass
through boundaries of Ak
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Finite-volume approach: Integrate in time

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

∫
A(t+∆t)

ψ dA =

∫
A(t)

ψ dA,

where ∆t is time-step and t = n ∆t.

Upstream semi-Lagrangian approach:

ψ
n+1
k ∆Ak = ψ

n
k∆ak ,

where () is average value over cell.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

∂

∂t

∫
Ak

ψ dA +

∮
∂Ak

(ψ ~v) · ~n dS = 0,

ψ
n+1

∆Ak = ψ
n
∆Ak+∫ (n+1)∆t

n∆t

[∮
∂Ak

(ψ ~v) · ~n dS
]
dt = 0,

→ flux of tracer mass through boundaries
of Ak during t ∈ [n∆t, (n + 1)∆t]
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

∫
A(t+∆t)

ψ dA =

∫
A(t)

ψ dA,

where ∆t is time-step and t = n ∆t.

Upstream semi-Lagrangian approach:

ψ
n+1
k ∆Ak = ψ

n
k∆ak ,

where () is average value over cell.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,

where

F
(τ)
k = s

(τ)
k

∫
aτ
k

ψn(x , y) dA.

is flux of mass through face τ during ∆t,

and s
(τ)
k = ±1

for simplicity assume sτk is NOT multi-valued; for multi-valued case see, e.g., Harris et al. (2010).
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k∆ak ,

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,

Note equivalence between Lagrangian cell-integrated and Eulerian flux-form continuity equations:

∆Ak −
4∑
τ=1

(
s

(τ)
k ∆a

(τ)
k

)
= ∆ak .

i.e. the areas involved in Eulerian forecast equals upstream Lagrangian area ak .
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form
(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k∆ak ,

Define a global piecewise continuous
reconstruction function

ψ(x , y) =
N∑

k=1

IAk
ψk (x , y),

where IAk
is the indicator function

IAk
=

 1, (x , y) ∈ Ak ,

0, (x , y) /∈ Ak .

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k∆ak ,

ψ
n+1
k ∆Ak =

Lk∑
`=1

∫
ak`

ψn
` (x , y) dA.

where ak` is the non-empty overlap area

ak` = ak ∩ A`, ak` 6= ∅; ` = 1, . . . , Lk ,

where N is the number of cells in the
domain and Lk number of overlap areas.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k∆ak ,

ψ
n+1
k ∆Ak =

Lk∑
`=1

∫
ak`

ψn
` (x , y) dA.

where ak` is the non-empty overlap area

ak` = ak ∩ A`, ak` 6= ∅; ` = 1, . . . , Lk ,

where N is the number of cells in the
domain and Lk number of overlap areas.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,

F
(τ)
k =

L
(τ)
k∑
`=1

∫
ak`

ψn
` (x , y) dA,

where Lτk is number of non-empty ‘flux’
overlap areas for face τ .

Note that in general: Lk �
∑4
τ=1 L

(τ)
k
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Finite-volume approach: Conditions for inherent mass-conservation

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k∆ak ,

ak ’s span Ω without gaps/overlaps

N⋃
k=1

ak = Ω, and ak ∩ a` = ∅ ∀ k 6= `.

Sub-grid-scale representation of ψ
must integrate to cell-average mass∫

Ak

ψn
k (x , y) dA = ψ

n
k∆A,

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,

Fluxes for ‘shared’ faces must cancel,
e.g.,

F
(3)
k = −F (1)

k−1

Any flux, even highly inaccurate fluxes,
will NOT violate mass-conservation!
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Finite-volume approach: Reconstruction methods for ρ and m

semi-Lagrangian form Eulerian (flux-form) form 1
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(a) Picewise-linear reconstruction
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(b) Picewise-parabolic reconstruction

exact
PPM

PPM+filter

Inherently mass-conservative PPM
(piecewise parabolic method)
reconstruction
(Colella and Woodward, 1984)

or variants thereof (PLM, PQM,
PSM, ...)
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(a) Picewise-linear reconstruction

exact
PLM
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(b) Picewise-parabolic reconstruction

exact
PPM

PPM+filter

Inherently mass-conservative PPM
(piecewise parabolic method)
reconstruction
(Colella and Woodward, 1984)

or variants thereof (PLM, PQM,
PSM, ...)

Any non mass-conservative
reconstruction/interpolation method

Note: the higher the order of the polynomial the more extrema (possible over- and under-shoots)
⇒ the harder it is to make polynomial shape-preserving (PPM strikes a good balance!)
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Finite-volume approach: Enforcing shape-preservation

BAD NEWS!

(Godunov, 1959): only 1st -order methods are inherently shape-preserving/monotone ⇒
higher-order methods need filters for shape-preservation!

We need to be careful: filter can violate tracer-tracer correlations (e.g., positive definite
limiter!

Also, limiters/filters are inherently non-linear (lots of if -statements in the code) ⇒ ‘bad’ for
code optimization (e.g., vectorization); limiter can easily be 50% tracer transport cost!

If your unlimited scheme is ‘super duper’ accurate (for example, very high order) and you use
a ‘crappy’ limiter ⇒ scheme ultimately becomes ‘low’ order

semi-Lagrangian form Eulerian (flux-form) form
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form
 1

 2

 3

 4

 0.1  0.3  0.5  0.7

D
e
n
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i
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(a) Picewise-linear reconstruction

exact
PLM

PLM+filter
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D
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(b) Picewise-parabolic reconstruction

exact
PPM

PPM+filter

The only direct way of enforcing
shape-preservation is to filter the
sub-grid-scale distribution ψn

k (x , y):

fully 2D filters (Barth and Jespersen, 1989)

1D filters for cascade schemes
(Colella and Woodward, 1984; Zerroukat et al., 2005; Lin

and Rood, 1996)

no filter
monotone filter

Shape-preservation can be enforced by

blending monotone and high-order
fluxes (e.g., Flux-Corrected Transport Zalesak, 1979)

2D filter (Barth and Jespersen, 1989)

1D filters for dimensionally split
schemes WARNING: may not be
shape-preserving for diagonal flow!
(Colella and Woodward, 1984; Lin and Rood, 1996)

WENO-type schemes (selective
limiting; Liu et al., 1994)
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Finite-volume approach: Area approximation

(a)

(c) (d)

(b)

(a) Exact

(b) Straight lines (Rančić, 1992; Lauritzen et al., 2010)

(c) Step-functions for ‘North/South’
faces & straight lines parallel to
‘longitudes’ for ‘East/West’ faces
(Nair and Machenhauer, 2002).

(d) Cascade (flow-split)
(Nair et al., 2002; Zerroukat et al., 2002)

218 Lauritzen et al.
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Fig. 8.10 A schematic illustration of different ux approximations, parallelogram (a,b,d,e) and
quadrilateral (g,h,j,k) ux-areas, and the equivalent upstream Lagrangian areas (f,l). The equivalent
upstream areas are computed by taking the sum of all areas involved in the forecast (a,b,c,d,e)
or (g,h,i,j,k) with appropriate signs (see equation (8.36)). The velocity vectors used for the ux
computations are also shown. The exact upstream Lagrangian cell (open circles connected with
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The fully two-dimensional ux-area approximations can be divided into two cate-
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trace back the ux-area and, secondly, the approach in which the vertices of the face
are traced upstream to compute the ux-area. The rst approach only has one degree
of freedom for the ux-areas whereas the latter approach has two. Consequently the
resulting ux-areas are parallelograms and arbitrary quadrilaterals, respectively, for
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Recently, Miura (2007) suggested to approximate the ux-areas from a face-

centered wind velocity. So the two vertices of the face would have identical up-
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Finite-volume approach: Area approximation
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are traced upstream to compute the ux-area. The rst approach only has one degree
of freedom for the ux-areas whereas the latter approach has two. Consequently the
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Fully two-dimensional ux-area approximations

The fully two-dimensional ux-area approximations can be divided into two cate-
gories. Firstly, one in which one face-centered velocity vector per face is used to
trace back the ux-area and, secondly, the approach in which the vertices of the face
are traced upstream to compute the ux-area. The rst approach only has one degree
of freedom for the ux-areas whereas the latter approach has two. Consequently the
resulting ux-areas are parallelograms and arbitrary quadrilaterals, respectively, for
the two approaches. An elaboration is given below.
Recently, Miura (2007) suggested to approximate the ux-areas from a face-

centered wind velocity. So the two vertices of the face would have identical up-

(g-k) Parallelogram flux-areas (Miura, 2007;

Skamarock and Menchaca, 2010)

(l) ‘Effective’ departure area
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Finite-volume approach: Area approximation
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(c) (d)

(b)

(a) Exact

(b) Straight lines (Rančić, 1992; Lauritzen et al., 2010)

(c) Step-functions for ‘North/South’
faces & straight lines parallel to
‘longitudes’ for ‘East/West’ faces
(Nair and Machenhauer, 2002).

(d) Cascade (flow-split)
(Nair et al., 2002; Zerroukat et al., 2002)
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consists of three rectangles, so there are two “jumps” in the north and south walls, respec-
tively. The Machenhauer and Olk [1998] scheme only has one “jump” in the north and
south wall. For a divergent flow field, this advantage would no longer appear. Similarly,
the direction of the cascade sweeps influences the degree of local mass conservation.

In Section 2.3.2.1, the “locality” of the flux-based scheme of Lin and Rood [1996]
is assessed on the present test case. The results in Fig. 2.11 show the actual areas of
information needed to obtain a forecast using that transport scheme and the wind field
in Eq. (2.24). It can be seen in this case that the effective departure area is substantially
more spread out than those of the DCISL schemes in Fig. 2.10.

2.3.1.4. Stability analysis Although the PPM is a widely used numerical method, there
has not been performed a Von Neumann stability analysis of that method, as far the
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Fig. 2.11 A graphical illustration of the Lin and Rood [1996] scheme for the idealized test case for assessing
the degree of local mass conservation. The arrival cell is the north-eastern most regular grid cell in all plots. The
capital letters on (a) and (b) refer to the vertices located south-west of the letter in question except for J’ and N’
that refer to the vertice to the south-east of the letter in question. The notation ABCD will refer to the average

value in the cell with vertices atA, B, C, and D. (a) and (c) illustrate XC

[
½
(
ψ

n + ψAY

)]
, whereψAY (yellow

area) is computed using an advective operator. (a) Following the conceptual illustration of Leonard, Lock and

Macvean [1996], XC

[
½
(
ψ

n + ψAY

)]
is given by ½

(
DCOP + HGKL

)
− ½

(
ABNM + EFJI

)
. (c) shows

the cell averages with weight one (dark blue), half (light blue), minus one (red), and minus half (light red), for the

contribution from XC . (b) Similarly for YC , we get that YC

[
½
(
ψ

n + ψAX

)]
= ½

(
BF ′G′C + N ′J ′K′O′

)
−

½
(
AE′H ′D + M′I ′L′P ′

)
and the green area is ψAX. (d) shows the final forecast with the same coloring

as in (c). The red rectangle is the exact departure area. (See also color insert).

Figure from Machenhauer et al. (2009)

(a-c) Dimensionally split scheme
(Lin and Rood, 1996):
Flux-areas area combinations of
rectangles aligned with grid lines

(d) ‘Effective’ departure area
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Finite-volume approach: Geometric and reconstruction errors

z-axis

x-axis
y-axis

z-axis

(a)

Geometric error Reconstruction error

(b)

‘geometric error’: how well is the upstream Lagrangian area / flux areas approximated

‘reconstruction error’: how well is the sub-grid-scale distribution approximated

Typically:

for lower-order reconstruction functions the ‘reconstruction error’ � ‘geometric error’

the smaller the Courant number (∆t) the smaller the ‘geometric error’

for higher-order reconstruction functions and shear flows (deformational) the ‘geometric
error’ can be significant (Ullrich et al., 2013)
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Further simplifications for flux-form approaches (Margolin and Shashkov, 2003) - u∆t
∆x < 1/2

Recall: we can do anything we want with the fluxes as long as F
(3)
k = −F (1)

k−1

(1)

k1

k2

k3

(1)

(1)a

a

a

‘Rigorous’ flux for face 1 (τ = 1):

F
(1)
k =

3∑
`=1

∫
ak`

ψn
` (x , y) dA.

For ∆t sufficiently small:

∆ak2 � ∆ak1 and ∆ak2 � ∆ak3

→ simplify flux-integration by only using one
upstream reconstruction function:

F
(1)
k ≈ F (1)

k =

∫
ak1∪ak2∪ak3

ψn
2 (x , y) dA.

ψn
2 is extrapolated over ak1 and ak3.

note: the search for overlap areas has almost been eliminated in F (1)
k

F (1)
k stable for Courant numbers approximately less than 1

2
(∆ak2 > ∆ak1 + ∆ak3)

F (1)
k can be slightly more accurate than F

(1)
k (Lauritzen et al., 2011a)
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Eulerian flux-form schemes: Non-geometric/non-Lagrangian approaches

y1

y0

y9

y8

y7

y6

y2

y3

y4

y5

3rd and 4th-order fluxes (e.g. WRF):

where (Hundsdorfer et al, 1995; Van Leer, 1985)

Recognizing we recast the 3rd and 4th order flux as

where x is the direction normal to the cell edge and i
and i+1 are cell centers.  We use the least-squares-
fit polynomial to compute the second derivatives.

Transport - Weighted Sums?

Slide from

Skamarock (NCAR)
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Eulerian flux-form schemes: Non-geometric/non-Lagrangian approaches

y1

y0

y9

y8

y7

y6

y2

y3

y4

y5

Flux divergence, transport, and 
Runge-Kutta time integration

1. Scalar edge-flux value y is the weighted sum 
of cell values from cells that share edge and 
all their neighbors.

2. An individual edge-flux is used to update the 
two cells that share the edge.

3. Three edge-flux evaluations and cell updates 
are needed to complete the Runge-Kutta
timestep. 

4. Shape-preserving (monotonic) constraint 
requires checking the cell-value update and 
renormalizing edge-fluxes if the cell updates 
are outside specific bounds (on the final RK3 
update).

 

∂ ρψ( )i
∂t

= L V,ρ,ψ( ) = −
1
Ai

dei
nei

∑ ρV ⋅n
!
ei( )ψScalar transport equation for cell i:

Slide from

Skamarock (NCAR)
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Time-stepping and coupling: stability

The η-coordinate atmospheric primitive equations, neglecting dissipation and forcing terms:

∂~v

∂t
+ (ζ + f ) k̂×~v +∇

(
1

2
~v2 + Φ

)
+ η̇

∂~v

∂η
+

RTv

p
∇p = 0 (1)

∂T

∂t
+ ~v · ∇T + η̇

∂T

∂η
− RTv

c∗p p
ω = 0 (2)

∂

∂t

(
∂p

∂η

)
+∇ ·

(
∂p

∂η
~v

)
+

∂

∂η

(
η̇
∂p

∂η

)
= 0 (3)

∂

∂t

(
∂p

∂η
q

)
+∇ ·

(
∂p

∂η
q~v

)
+

∂

∂η

(
η̇
∂p

∂η
q

)
= 0. (4)

Continuity equation for air is coupled with momentum and thermodynamic equations:
thermodynamic variables and other prognostic variables feed back on the velocity field

which, in turn, feeds back on the solution to the continuity equation.

Hence the continuity equation for air can not be solved in isolation and one must obey the maximum allowable time-step restrictions imposed

by the fastest waves in the system.

The passive tracer transport equation can be solved in isolation given prescribed winds and
air densities, and is therefore not susceptible to the time-step restrictions imposed by the
fastest waves in the system.
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Time-stepping and coupling: consistency

Continuity equation for air density ρd

∂ρd

∂t
+∇ · (ρd ~v) = 0, (1)

and a tracer with mixing ratio q

∂(ρd q)

∂t
+∇ · (ρd q ~v) = 0, (2)

In continuous space:

q = 1 ⇒ continuity equation for (ρd q) reduces to continuity equation for air (ρd )

It is considered desirable that discretization schemes obey this relation:

‘free-stream’ preserving or ‘consistent’ tracer transport.

Note: ‘complete consistency’ is obtained if air density and tracer mass continuity equations
are solved using the same numerical method, on the same discretization grid, and using the
same time-steps (everything is ‘in sync’ !).
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Time-stepping and coupling:

semi-Lagrangian form Eulerian (flux-form) form
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Time-stepping and coupling: mass-conservative semi-implicit approach

Traditionally: semi-Lagrangian advection of ρd is combined with semi-implicit time-stepping:

ρd
n+1
k =

(
ρd

n+1
k

)
exp
− ∆t

2
ρd 00

(
∇ · ~vn+1

k −∇ · ṽn+1
k

)
,

where

ρd 00 a constant reference density

(·)exp is the explicit prediction

~̃vn+1 velocity extrapolated to time-level (n + 1)

What about tracers?

Solving continuity equation for (ρd q) explicitly

ρd mn+1
k ∆Ak = ρd mn

k∆ak

is NOT ‘free-stream’ preserving!

Using ‘traditional’ semi-implicit approach for tracers

ρd mn+1
k ∆Ak = ρd mn

k∆ak −
∆t

2
(ρd q)00

(
∇ · ~vn+1

k −∇ · ~̃vn+1
k

)
.

is problematic (Lauritzen et al., 2008).
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Time-stepping and coupling: mass-conservative semi-implicit approach

Traditionally: semi-Lagrangian advection of ρd is combined with semi-implicit time-stepping:

ρd
n+1
k =

(
ρd

n+1
k

)
exp
− ∆t

2

{
∇ ·
[(
ρd

n+1
k

)
exp

~vn+1
k

]
−∇ ·

[
(ρd

n
k )exp ṽn+1

k

]}
.

where

ρd 00 a constant reference density

(·)exp is the explicit prediction

~̃vn+1 velocity extrapolated to time-level (n + 1)

What about tracers?

A solution is to formulate the semi-implicit terms in flux-form

ρd mn+1
k =

(
ρd mn+1

k

)
exp
− ∆t

2

{
∇ ·
[(
ρd mn+1

k

)
exp

~vn+1
k

]
−∇ ·

[
(ρd mn

k )exp ~̃v
n+1
k

]}
.

so that reference states are eliminated (Wong et al., 2013)
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Time-stepping and coupling: Eulerian flux-form
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n

time

flow direction

ρ

ρ

For efficiency, sub-cycle dynamics with respect to tracers:

Solve continuity equation for air ρd together with momentum and thermodynamics
equations.

Repeat ksplit times

Brown area = average flow of mass through cell face.

Compute time-averaged value of m across brown area using flux-form scheme: < m >.

Flux of tracer mass: < m >×∑ksplit
i=1 ρd

n+i/ksplit

Yields ‘free stream’ preserving solution!
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Time-stepping and coupling: Eulerian flux-form
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For efficiency, sub-cycle dynamics with respect to tracers:

Solve continuity equation for air ρd together with momentum and thermodynamics
equations.

Repeat ksplit times

Brown area = average flow of mass through cell face.

Compute time-averaged value of m across brown area using flux-form scheme: < m >.

Flux of tracer mass: < m >×∑ksplit
i=1 ρd

n+i/ksplit

Yields ‘free stream’ preserving solution!
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Time-stepping and coupling: Eulerian flux-form
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For efficiency, sub-cycle dynamics with respect to tracers:

Solve continuity equation for air ρd together with momentum and thermodynamics
equations.

Repeat ksplit times

Brown area = average flow of mass through cell face.

Compute time-averaged value of m across brown area using flux-form scheme: < m >.

Flux of tracer mass: < m >×∑ksplit
i=1 ρd

n+i/ksplit

Yields ‘free stream’ preserving solution!
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Solve continuity equation for air ρd together with momentum and thermodynamics
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Brown area = average flow of mass through cell face.

Compute time-averaged value of m across brown area using flux-form scheme: < m >.
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Solve continuity equation for air ρd together with momentum and thermodynamics
equations.

Repeat ksplit times

Brown area = average flow of mass through cell face.

Compute time-averaged value of m across brown area using flux-form scheme: < m >.

Flux of tracer mass: < m >×∑ksplit
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For efficiency, sub-cycle dynamics with respect to tracers:

Solve continuity equation for air ρd together with momentum and thermodynamics
equations.

Repeat ksplit times

Brown area = average flow of mass through cell face.

Compute time-averaged value of m across brown area using flux-form scheme: < m >.

Flux of tracer mass: < m >×∑ksplit
i=1 ρd

n+i/ksplit

Yields ‘free stream’ preserving solution!
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Vertical coordinate: hybrid sigma (σ = p/ps)-pressure (p) coordinate

k=1/2

k=1

k=2

k=K

k=K-1
k=K-1/2

k=K-3/2

k=K+1/2

k=1+/2

Figure courtesy of David Hall (CU Boulder).

Sigma layers at the bottom (following terrain) with isobaric (pressure) layers aloft.

Pressure at model level interfaces

pk+1/2 = Ak+1/2 p0 + Bk+1/2 ps ,

where ps is surface pressure, p0 is the model top pressure, and Ak+1/2(∈ [0 : 1]) and
Bk+1/2(∈ [1 : 0]) hybrid coefficients (in model code: hyai and hybi). Similarly for model level
mid-points.

Note: vertical index is 1 at model top and klev at surface.
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Vertical coordinate: hybrid sigma (σ = p/ps)-pressure (p) coordinate

Why do we use terrain-following coordinates?
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FIG. 1. The representation of a smoothly varying bottom (dashed line) in (a) a height coordinate model
using step topography, (b) a terrain-following coordinate model, and (c) a height coordinate model with
piecewise constant slopes.

1997a and 1997b), which demonstrate the applicability
of the ‘‘shaved cell’’ method to more general problems
involving topography.

2. The finite-volume method

Conservation of a scalar quantity f, with sources Q,
may be written in the general form:

]
f 1 = ·F 5 Q, (1)

]t

where F is the vector flux of the quantity f. Equation
(1), when integrated over a constant1 volume V enclosed
by the surface A, takes the form

]
f dV 1 F · dA 5 Q dV, (2)E R E]t V A V

where we have made use of the Gauss divergence the-
orem, dA 5 dAn is an element of surface area, and n
is a vector pointing along the outward normal of the
surface A. Thus, the variation of f inside the volume
depends only on the normal flux through the surface
that defines the volume and the source terms within it.
Equation (2) can be applied to a discrete control volume
VI ,

]
V f 1 F A 5 V Q , (3)OI I I,J I,J I I]t J

where the sum of the flux-area scalar products refers to
all the external sides J of the control volume. The dis-
crete variables are consistently defined by associating
each term in (3) with its counterpart in (2):

1 We limit the discussion here to control volumes that vary only
in space. The method can be applied to temporally varying volumes,
thereby allowing the use of both adaptive grids and other coordinate
systems such as isentropic coordinates.

] ] 1
V f 5 f dV ⇒ f [ f dVI I E I E]t ]t VIV VI I

1
F A 5 F · dA ⇒ F [ F · dAI,J I,J E I,J EAA AI,JI,J I,J

1
V Q 5 Q dV ⇒ Q [ Q dV. (4)I I E I EVIV VI I

That is, fI is the volume mean of f within the control
volume VI and similarly for QI. Term FI,J is the area
mean of the component of F normal to the side AI,J.
By adopting the definitions in (4), (3) is an exact

statement. However, more often than not, F and Q are
functions of the flow and must be found by interpolation.
For example, suppose F is an advective flux F 5 vf
where v is specified. The surface integral of F becomes

1
vf · dA 5 v · dA f dA 1 SGS, (5)E E EAI,JA A AI,J I,J I,J

where SGS represents terms resulting from the corre-
lation of subgrid-scale variations of f with v and will
be set to zero here. If v is known on the face, the integral
∫ v ·dA can be evaluated. The area mean of f, however,
must be approximated by interpolation of the volume-
mean quantities fI to the face. This is the major source
of truncation error in the discrete system

1 J 2f dA ¯ f 1 O(D f0), (6)E I JAI,J AI,J

where fI
J indicates interpolation of the volume-mean

quantities to the face.
The control volumes must satisfy the following con-

straints for the system to be consistently conservative.
1) The sum of the control volumes VImust fill the whole
domain;

2) every internal surface AI,J must be common to two
adjacent control volumes; and

3) substance fluxed out of one volume must be fluxed
into the next so that net substance is neither gained
nor lost in the fluxing process.

Figure: Representation of a smoothly varying bottom (dashed line) in (left) a terrain-following coordinate

model, and (right) a height coordinate model with piecewise constant slopes (cut-cells, shaved-cells)

Figure is from Adcroft et al. (1997).

→ The main reason is that the lower boundary condition is very simple when using terrain-following
coordinates!
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Aside: hybrid sigma (σ = p/ps)-pressure (p) coordinate

While terrain-following coordinates simplify the bottom boundary condition, they may introduce
errors:

Pressure gradient force (PDF) errors: 1
ρd
∇pz = 1

ρd
∇ηp + 1

ρd

dp
dz
∇ηz, (Kasahara, 1974)

where ρd is density, p pressure and z height.

Errors in modeling flow along constant z-surfaces near the surfaceOCTOBER 2002 2465S C H Ä R E T A L .

FIG. 4. Vertical cross section of the idealized two-dimensional advection test. The topography is located
entirely within a stagnant pool of air, while there is a uniform horizontal velocity aloft. The analytical solution
of the advected anomaly is shown at three instances.

that is, to a scale that is usually retained in digital to-
pography fields used in weather prediction and climate
models.
The topographic obstacle is submerged within a stag-

nant air mass, but aloft there is a uniform and purely
horizontal flow directed from left to right. This upper-
level flow is separated from the stagnant low-level pool
by a shear layer. The situation thus corresponds to the
not uncommon meteorological condition of a low-level
blocked air mass with submerged topography. The up-
per-level flow represents plain horizontal and linear ad-
vection, but in the presence of coordinate deformations
as implied by the underlying topography.
To test the performance of various schemes, a simple

scalar anomaly is initialized upstream of the topography
and advected by the flow. The transport of the anomaly
field r is described in conservative flux form by

]r/]t 1 = · (vr) 5 0, (22)
where v5 (u, y, w)5 (u(z), 0, 0) is the specified velocity
vector. On a regular grid, the advection is along the
coordinate surfaces. On a terrain-following computa-
tional mesh, however, the flow becomes multidimen-
sional. In two dimensions, the transformed equation
reads

] ] ]
21 21 21(J r) 1 (J ur) 1 (J Wr) 5 0, (23)

]t ]X ]Z
where W 5 DZ/Dt is the vertical velocity expressed in
the new coordinate framework. The prescribed wind
profile u(z) can be expressed as

(u, w) 5 (2]f/]z, 0)
using a streamfunction f 5 f(z). Transformation into
computational space then yields

]f ]f
(u, W ) 5 J 2 , . (24)1 2]Z ]X

Introducing (24) into (23), one obtains

] ] ]f ] ]f
21(J r) 1 2 r 1 r 5 0. (25)1 2 1 2]t ]X ]Z ]Z ]X

Choosing (25) rather than (23) as the governing equa-
tion for the numerical implementation has two important
advantages. First, (25) allows implementing the non-
divergence property of the specified flow field on the
level of the numerical approximation. Second, in (25)
the metric terms disappear in the flux-divergence com-
putation, such that the cancellation problems addressed
by KSF are avoided. In general, however, (25) is not
amenable, as the streamfunction may not be available,
or as the wind field may be divergent.
For all tests we use a computational domain that is

confined above by a rigid lid at H 5 25 km and that is
periodic in the x direction. The anomaly is initialized
at t1 and advected from left to right. Diagrams will be
shown at three times corresponding to positions of the
anomaly upstream, over and downstream of the obstacle
(see Fig. 4).
The standard experiments will be conducted using

explicit time stepping with centered finite differences
in space and time (leapfrog) on a staggered Arakawa C
grid. Other schemes to be considered include higher-
order versions of the leapfrog scheme, the upstream
scheme, and two versions of the Smolarkiewicz scheme
(Smolarkiewicz 1984). Unless stated otherwise, the nu-
merical experiments are conducted in the absence of
explicit diffusion.
Tests are conducted using the four different coordi-

nates shown in Fig. 5. The first mesh is obtained with
a sigma coordinate (Fig. 5a). The second mesh is a
hybridlike setting (Fig. 5b), based upon (11) with a scale
height of s 5 8 km. This coordinate is characterized by
a more rapid decay of the terrain features with height.
The third mesh (Fig. 5c) is a version of the SLEVE
coordinate (14). It requires splitting the topography ac-
cording to (13) into larger-scale and smaller-scale con-

Schär et al. (2002)
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Aside: hybrid sigma (σ = p/ps)-pressure (p) coordinate

While terrain-following coordinates simplify the bottom boundary condition, they may introduce
errors:

Pressure gradient force (PDF) errors: 1
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∇pz = 1
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ρd
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Errors in modeling flow along constant z-surfaces near the surface
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FIG. 5. Vertical coordinates used for the idealized advection test:
(a) sigma coordinate, (b) hybrid coordinate with a scale height of s
5 8 km, (c) SLEVE coordinate using a scale-dependent decay of
terrain features (s1 5 15 km for large- and s2 5 2.5 km for small-
scale features, respectively), and (d) reference grid without topog-
raphy. The diagrams show the lowermost 15 km of the computational
domain with a depth of H 5 25 km.

tributions (see details in next subsection). For the two
scale heights, we use s1 5 15 km and s2 5 2.5 km. The
resulting mesh (Fig. 5c) has a much smoother structure
at upper levels. It is comparable to the hybrid coordinate
(Fig. 5b) in the sense that the maximum displacement
of the coordinate surfaces from their upstream level are
almost identical (e.g., the maximum displacement for
both these coordinates is ;500 m at a height of 15 km).

As a reference, an integration in the absence of topog-
raphy is also conducted (Fig. 5d). This integration will
allow distinguishing between the regular-grid truncation
error of the finite-difference scheme and the errors as-
sociated with coordinate transformations.

b. Detailed specification of the advection test

We consider a computational domain with a length
of 300 km and a depth of 25 km. The topography h(x)
is specified as the product of a large-scale mountain
h*(x) of halfwidth a, and a small-scale wavelike per-
turbation of wavelength l; that is,

px
2h(x) 5 cos h*(x), (26a)1 2l

where
 px

2h cos for |x| # ao 1 2 2ah*(x) 5 (26b)
0 for |x| $ a

and where ho denotes the maximum height of the ob-
stacle. In all examples we use ho 5 3 km, a 5 25 km,
and l 5 8 km. For the formulation with the new co-
ordinate, the topography is split into larger-scale and
smaller-scale contributions; see (13). To this end, we
choose for the larger-scale contribution

1
h (x) 5 h*(x). (27)1 2

This implies that the two contributions have the same
maximum amplitude of 1.5 km.
The discretization uses an Arakawa C grid. All nu-

merical operations are coded in conservative flux form.
An Asselin filter was implemented, but is not activated
for the tests presented. The height z of the coordinate
surfaces is discretized from (14) at the W points of the
grid, using the respective definitions for the three co-
ordinate systems considered, that is, (15), (16), and (17).
The Jacobian is then defined at the mass points of the
grid. The sheared wind profile is specified as

1 for z # z2 p z 2 z12u(z) 5 u sin for z # z # z (28)o 1 21 22 z 2 z2 1
0 for z # z 1

with uo 5 10 m s21, z1 5 4 km, and z2 5 5 km. The
wind field is defined by means of a streamfunction

z

f(z) 5 2 u(z) dz (29)E
0

and implemented according to (25). We define the stream-
function at doubly staggered locations fi11/2,k11/2, and its
derivatives (]f/]Z)i11/2,k and (]f/]X) i,k11/2 at staggered

Schär et al. (2002)
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Aside: hybrid sigma (σ = p/ps)-pressure (p) coordinate

While terrain-following coordinates simplify the bottom boundary condition, they may introduce
errors:

Pressure gradient force (PDF) errors: 1
ρd
∇pz = 1

ρd
∇ηp + 1

ρd

dp
dz
∇ηz, (Kasahara, 1974)

where ρd is density, p pressure and z height.

Errors in modeling flow along constant z-surfaces near the surface2468 VOLUME 130M O N T H L Y W E A T H E R R E V I E W

FIG. 6. Numerical solutions to the advection test using centered differences and a horizontal Courant number of a 5 0.25. (a),(c),(e),(g) The
advected anomalies at three consecutive times (t1 5 0, t2 5 2500 s, t3 5 5000 s) and (b),(d),(f ),(h) the error field at t3 (numerical minus analytical
field). The solutions are from numerical experiments using (a),(b) the sigma coordinate, (c),(d) a hybrid coordinate, (e),(f ) the SLEVE coordinate,
and (g),(h) a regular grid. The initial amplitude of the anomaly is 1; the contour interval in the left-hand panels is 0.1, and that in the right-
hand panels is 0.01 (zero contour suppressed, negative contours dashed). The coordinate systems are shown in Fig. 5.

stituents and water species. We consider both the non-
linear version of the scheme as described in Smolar-
kiewicz (1984), and a version using a linearized anti-
diffusive correction. Results are summarized in Table
1. Despite the excellent performance of the scheme in
the absence of grid transformations, the deteriorating
effects of coordinate transformations are evident.

The results of these tests can be summarized as fol-
lows: Schemes with implicit diffusion suffer particu-
larly large coordinate transformation errors. Diffusion
spreads out the solution in computational space, rap-
idly broadens the initial anomaly, and thereby makes
the scheme more susceptible to coordinate transfor-
mations.

Schär et al. (2002)
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Vertical coordinate

Lagrangian (‘floating’) vertical coordinate ξ so that

dξ

dt
= 0,

i.e. vertical surfaces are material surfaces (no flow across them).
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Figure shows ‘usual’ hybrid σ−p vertical coordinate η(ps , p)
(where ps is surface pressure):

η(ps , p) is a monotonic function of p.

η(ps , ps) = 1

η(ps , 0) = 0

η(ps , ptop) = ηtop .

Boundary conditions are:
dη(ps ,ps )

dt
= 0

dη(ps ,ptop)

dt
= ω(ptop) = 0

(ω is vertical velocity in pressure coordinates)
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Figure:

set ξ = η at time tstart (black lines).

for t > tstart the vertical levels deform as they move
with the flow (blue lines).

to avoid excessive deformation of the vertical levels
(non-uniform vertical resolution) the prognostic
variables defined in the Lagrangian layers ξ are
periodically remapped (= conservative interpolation)
back to the Eulerian reference coordinates η (more on
this later).

Why use floating Lagrangian vertical coordinates?
Vertical advection terms disappear (3D model becomes ‘stacked shallow-water models’; only 2D
numerical methods are needed)
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Local Galerkin methods: Spectral-element method

The spectral-element method: 
discretization grid
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Local Galerkin methods: Spectral-element method

The spectral-element method

Spectral-Element Method (SEM) 
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Local Galerkin methods: Spectral-element method
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FIG. 4. A graphical illustration of the physics grid in one dimension. Three elements are shown and the filled red circles are the GLL quadrature
points in each element. The red curve is the basis function representation of the field and the green filled circles are the quadrature point values.
The physics grid divides each element into equal-area control volumes. On the Figure each element is divided into (a) 3, (b) 1 and (c) 6 control
volumes, respectively. The histogram shows the average values over the physics grid control volumes resulting from integrating the basis functions
over the respective control volumes.
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FIG. 5. A 1D schematic illustration on how CAM-SE advances the solution to the equations of motion in time. Consider 3 elements. The red
filled circles are the GLL quadrature points in each element (np = 4). Note that the quadrature points on the boundary are shared between elements.
(a) Assume a degree 3 global Lagrange polynomial initial condition (red curve) which can be represented exactly by the degree 3 Lagrange basis
in each element. (b) The solution to the equations of motion are advanced in time (one Runga-Kutta step) independently in each element leading
to the quadrature values marked with filled purple circles. The Lagrange basis is shown with red curves connecting the purple circles. There are
now two solutions, one from left and one from right, for the quadrature points at the element end points. In CAM-SE the values are averaged so
that the solution is C0. Note that the averaging changes the Lagrange polynomials throughout except at the internal quadrature points. (c) shows
the solution after averaging. (d) Assume there is a grid-scale forcing that increases the quadrature value located at x = 3. (e) The solution is now
clearly C0 at the element boundary at x = 3. (f) Histogram shows the average values resulting in integrating the basis functions over the control
volumes.

an updated state is mapped back to the dynamics grid. If
one were to map an updated state the errors in the map-
ping process may adversely affect the simulation, e.g., in
the case of no physics forcing there will be a non-zero
‘physics forcing’ entirely due to the errors in the mapping
algorithm.

In a climate model setting it is important that this pro-
cess does not violate important conservation properties
such as:

• mass-conservation,

• shape-preserving (monotone), i.e. the mapping
method does not introduce new extrema in the inter-
polated field, in particular, negatives,

• consistency, i.e. the mapping preserves a constant.

Other properties that may be important, but not pursued
here, is energy conservation and axial angular momentum
conservation. It may be desirable to preserve the high-
order of the basis functions during the mapping process so
that the mapping is high-order accurate for smooth fields
and less information is lost during the mapping process.

The spectral-element method
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an updated state is mapped back to the dynamics grid. If
one were to map an updated state the errors in the map-
ping process may adversely affect the simulation, e.g., in
the case of no physics forcing there will be a non-zero
‘physics forcing’ entirely due to the errors in the mapping
algorithm.

In a climate model setting it is important that this pro-
cess does not violate important conservation properties
such as:

• mass-conservation,

• shape-preserving (monotone), i.e. the mapping
method does not introduce new extrema in the inter-
polated field, in particular, negatives,

• consistency, i.e. the mapping preserves a constant.

Other properties that may be important, but not pursued
here, is energy conservation and axial angular momentum
conservation. It may be desirable to preserve the high-
order of the basis functions during the mapping process so
that the mapping is high-order accurate for smooth fields
and less information is lost during the mapping process.

The spectral-element method
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Local Galerkin methods: Spectral-element method
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one were to map an updated state the errors in the map-
ping process may adversely affect the simulation, e.g., in
the case of no physics forcing there will be a non-zero
‘physics forcing’ entirely due to the errors in the mapping
algorithm.

In a climate model setting it is important that this pro-
cess does not violate important conservation properties
such as:

• mass-conservation,

• shape-preserving (monotone), i.e. the mapping
method does not introduce new extrema in the inter-
polated field, in particular, negatives,

• consistency, i.e. the mapping preserves a constant.

Other properties that may be important, but not pursued
here, is energy conservation and axial angular momentum
conservation. It may be desirable to preserve the high-
order of the basis functions during the mapping process so
that the mapping is high-order accurate for smooth fields
and less information is lost during the mapping process.
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CAM-SE-CSLAM (Herrington et al., 2018) - will be released with CESM2.1

CAM-SE has the option to run physics on a finite-volume grid that is coarser, same or finer
resolution compared to the dynamics grid. This configuration uses inherently conservative CSLAM
(Conservative Semi-LAgrangan Multi-tracer) transport scheme (Lauritzen et al., 2017).

12 Lauritzen et al.

(c)(b)(a)

Figure 3: (a) The latitude-longitude grid, (b) the cubed-sphere grid based on an equi-angular central projection and
(c) icosahedral grid based on hexagons and pentagons. The triangular grids used by models herein are the dual of the
hexagonal grid.

volume implementation (i.e., the Lin and Rood, 1996,
algorithm). An example of a two-dimensional extension
based on the PPM algorithm that is third-order is given
in, e.g., Ullrich et al. (2009).

CAM ISEN is an isentropic version of CAM FV. In-
stead of the hybrid sigma-pressure vertical coordinate
a hybrid sigma-θ vertical coordinate is used (Chen and
Rasch 2009). Apart from the vertical coordinate the
model design is identical to CAM FV.

3.2. Cubed-sphere grid models
The assessment includes two dynamical cores that are
defined on cubed-sphere grids. The finite-volume cubed-
sphere model (GEOS FV CUBED) is a cubed-sphere
version of CAM FV developed at the Geophysical Fluid
Dynamics Laboratory (GFDL) and the NASA God-
dard Space Flight Center. The advection scheme is
based on the Lin and Rood (1996) method but adapted
to non-orthogonal cubed-sphere grids (Putman and Lin
2007,2009). Like CAM FV, the GEOS FV CUBED dy-
namical core is second-order accurate in two dimensions.
Both a weak second-order divergence damping mech-
anism and an additional fourth-order divergence damp-
ing scheme is used with coefficients 0.005×∆Amin/∆t

and [0.05 × ∆Amin]
2
/∆t, respectively, where ∆Amin

is the smallest grid cell area in the domain.
The strength of the divergence damping increases

towards the model top to define a 3-layer sponge. In
contrast to CAM FV and CAM ISEN, the cubed-sphere
model does not apply any digital or FFT filtering in
the polar regions and mid-latitudes. Nevertheless, an

external-mode filter is implemented that damps the hor-
izontal momentum equations. This is accomplished
by subtracting the external-mode damping coefficient
(0.02 × ∆Amin/∆t) times the gradient of the vertically-
integrated horizontal divergence on the right-hand-side
of the vector momentum equation.

GEOS FV CUBED applies the same inner and outer
operators in the advection scheme (PPM) to avoid the
inconsistencies described in Lauritzen (2007) when us-
ing different orders of inner and outer operators. The
cubed-sphere grid is based on central angles. The angles
are chosen to form an equal-distance grid at the cubed-
sphere edges (undocumented). The equal-distance grid
is similar to an equidistant cubed-sphere grid that is ex-
plained in Nair et al. (2005). The resolution is specified
in terms of the number of cells along a panel side. As an
example, 90 cells along each side of a cubed-sphere face
yield a global grid spacing of about 1◦.

The second cubed-sphere dynamical core is NCAR’s
spectral element High-Order Method Modeling Environ-
ment (HOMME) (Thomas and Loft 2004, Nair et al.
2009). Spectral elements are a type of a continuous-
Galerkin h-p finite element method (Karniadakis and
Sherwin 1999, Canuto et al. 2007), where h is the num-
ber of elements and p the polynomial order. Rather
than using cell averages as prognostic variables as in
geos fv cubed, the finite element method uses p-order
polynomials to represent the prognostic variables inside
each element. The spectral element method is compat-
ible, meaning it has discrete analogs of the key integral
properties of the divergence, gradient and curl operators,
making the method elementwise mass-conservative (to
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Summary

semi-Lagrangian form

Pros:

allow for long time-steps: ∆t limited
by flow deformation (Lipschitz
number and not by Courant number)

less MPI communication; but more
data to communicate

geometric computations (weights)
can be re-used for each additional
tracer (multi-tracer efficiency)

Lagrangian consistency

Cons:

Lagrangian areas must span sphere
without cracks/overlaps; and must
find overlap areas (complex search
algorithm)

hard to extend to 3D (use Lagrangian
vertical coordinate)

Eulerian (flux-form) form

Pros:

fluxes can be computed in ‘any’ way
(Lagrangian consistency not needed)

many flux limiters in the literature
(that said, FCT-type limiters need
extra MPI communication)

one can easily switch between
time-stepping methods

if flux computation is ‘simple’ then
easy to extend to 3D

Cons:

not stable for long time-steps
(Courant number limited)

more frequent MPI communications
(each Runga-Kutta step; but less
data to communicate compared to
semi-Lagrangian schemes)

A standard test case suite for two-dimensional linear transport on the sphere: results from a
collection of state-of-the-art schemes. - Lauritzen et al. (2014)
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Questions?

Peter Hjort Lauritzen (NCAR) Discretization strategies August 13, 2018 22 / 23



References

Peter Hjort Lauritzen (NCAR) Discretization strategies August 13, 2018 23 / 23



Adcroft, A., Hill, C., and Marshall, J. (1997). Representation of topography by shaved cells in a height
coordinate ocean model. Mon. Wea. Rev., 125(9):2293–2315.

Barth, T. and Jespersen, D. (1989). The design and application of upwind schemes on unstructured meshes.
Proc. AIAA 27th Aerospace Sciences Meeting, Reno.

Colella, P. and Woodward, P. R. (1984). The piecewise parabolic method (PPM) for gas-dynamical
simulations. J. Comput. Phys., 54:174–201.

Dennis, J. M., Edwards, J., Evans, K. J., Guba, O., Lauritzen, P. H., Mirin, A. A., St-Cyr, A., Taylor, M. A.,
and Worley, P. H. (2012). CAM-SE: A scalable spectral element dynamical core for the Community
Atmosphere Model. Int. J. High. Perform. C., 26(1):74–89.

Dukowicz, J. K. and Baumgardner, J. R. (2000). Incremental remapping as a transport/advection algorithm. J.
Comput. Phys., 160:318–335.

Durran, D. (2010). Numerical Methods for Fluid Dynamics: With Applications to Geophysics, volume 32 of
Texts in Applied Mathematics. Springer, 2 edition. 516 p.

Godunov, S. K. (1959). A difference scheme for numerical computation of discontinuous solutions of equations
in fluid dynamics. Math. Sb., 47:271. Also: Cornell Aero. Lab. translation.

Harris, L. M., Lauritzen, P. H., and Mittal, R. (2010). A flux-form version of the conservative semi-Lagrangian
multi-tracer transport scheme (CSLAM) on the cubed sphere grid. J. Comput. Phys., 230(4):1215–1237.

Herrington, A. R., Lauritzen, P. H., Taylor, M. A., Goldhaber, S., Eaton, B. E., Reed, K. A., and Ullrich, P. A.
(2018). Physics-dynamics coupling with element-based high-order Galerkin methods: quasi equal-area
physics grid. Mon. Wea. Rev. revising.

Kasahara, A. (1974). Various vertical coordinate systems used for numerical weather prediction. Mon. Wea.
Rev., 102(7):509–522.

Lauritzen, P. H., Andronova, N., Bosler, P. A., Calhoun, D., Enomoto, T., Dong, L., Dubey, S., Guba, O.,
Hansen, A., Jablonowski, C., Juang, H.-M., Kaas, E., Kent, J., ller, R. M., Penner, J., Prather, M., Reinert,
D., Skamarock, W., rensen, B. S., Taylor, M., Ullrich, P., and III, J. W. (2014). A standard test case suite
for two-dimensional linear transport on the sphere: results from a collection of state-of-the-art schemes.
Geosci. Model Dev., 7:105–145.

Lauritzen, P. H., Erath, C., and Mittal, R. (2011a). On simplifying ‘incremental remap’-type transport schemes.
J. Comput. Phys., 230:7957–7963.

Peter Hjort Lauritzen (NCAR) Discretization strategies August 13, 2018 23 / 23



Lauritzen, P. H., Kaas, E., Machenhauer, B., and Lindberg, K. (2008). A mass-conservative version of the
semi-implicit semi-Lagrangian HIRLAM. Q.J.R. Meteorol. Soc., 134.

Lauritzen, P. H., Nair, R., Herrington, A., Callaghan, P., Goldhaber, S., Dennis, J., Bacmeister, J. T., Eaton,
B., Zarzycki, C., Taylor, M. A., Gettelman, A., Neale, R., Dobbins, B., Reed, K., and Dubos, T. (2018).
NCAR CESM2.0 release of CAM-SE: A reformulation of the spectral-element dynamical core in dry-mass
vertical coordinates with comprehensive treatment of condensates and energy. J. Adv. Model. Earth Syst.

Lauritzen, P. H., Nair, R. D., and Ullrich, P. A. (2010). A conservative semi-Lagrangian multi-tracer transport
scheme (CSLAM) on the cubed-sphere grid. J. Comput. Phys., 229:1401–1424.

Lauritzen, P. H., Taylor, M. A., Overfelt, J., Ullrich, P. A., Nair, R. D., Goldhaber, S., and Kelly, R. (2017).
CAM-SE-CSLAM: Consistent coupling of a conservative semi-lagrangian finite-volume method with spectral
element dynamics. Mon. Wea. Rev., 145(3):833–855.

Lauritzen, P. H., Ullrich, P. A., and Nair, R. D. (2011b). Atmospheric transport schemes: desirable properties
and a semi-Lagrangian view on finite-volume discretizations, in: P.H. Lauritzen, R.D. Nair, C. Jablonowski,
M. Taylor (Eds.), Numerical techniques for global atmospheric models. Lecture Notes in Computational
Science and Engineering, Springer, 2011, 80.

Lin, S. J. and Rood, R. B. (1996). Multidimensional flux-form semi-Lagrangian transport schemes. Mon. Wea.
Rev., 124:2046–2070.

Liu, X. D., Osher, S., and Chan, T. (1994). Weighted essentially non-oscillatory schemes. J. Comput. Phys.,
115:200–212.

Machenhauer, B., Kaas, E., and Lauritzen, P. H. (2009). Finite volume methods in meteorology, in: R. Temam,
J. Tribbia, P. Ciarlet (Eds.), Computational methods for the atmosphere and the oceans. Handbook of
Numerical Analysis, 14. Elsevier, 2009, pp.3-120.

Margolin, L. G. and Shashkov, M. (2003). Second-order sign-preserving conservative interpolation (remapping)
on general grids. J. Comput. Phys., 184:266–298.

Miura, H. (2007). An upwind-biased conservative advection scheme for spherical hexagonal-pentagonal grids.
Mon. Wea. Rev., 135:4038–4044.

Nair, R. D. and Machenhauer, B. (2002). The mass-conservative cell-integrated semi-Lagrangian advection
scheme on the sphere. Mon. Wea. Rev., 130(3):649–667.

Peter Hjort Lauritzen (NCAR) Discretization strategies August 13, 2018 23 / 23



Nair, R. D., Scroggs, J. S., and Semazzi, F. H. M. (2002). Efficient conservative global transport schemes for
climate and atmospheric chemistry models. Mon. Wea. Rev., 130(8):2059–2073.
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